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Out-of-time-ordered correlators (OTOCs) describe information scrambling under unitary time evolution, and
provide a useful probe of the emergence of quantum chaos. Here we calculate OTOCs for a model of disorder-
free localization whose exact solubility allows us to study long-time behaviour in large systems. Remarkably,
we observe logarithmic spreading of correlations, qualitatively different to both thermalizing and Anderson
localized systems. Rather, such behaviour is normally taken as a signature of many-body localization, so that
our findings for an essentially non-interacting model are surprising. We provide an explanation for this unusual
behaviour, and suggest a novel Loschmidt echo protocol as a probe of correlation spreading. We show that the
logarithmic spreading of correlations probed by this protocol is a generic feature of localized systems, with or
without interactions.
Out-of-time-ordered correlators have proven to be useful in
quantifying the spreading of correlations and entanglement in
many-body quantum dynamics. While originally introduced
in the context of quasiclassical approaches to quantum sys-
tems [1], recently they have received renewed interest due
to their connections with the emergence of quantum chaotic
behaviour [2–4]. This has generated a flurry of activity on
OTOCs in the studies of entanglement and information scram-
bling in integrable [5–7], thermalizing [4] and many-body-
localized (MBL) systems [8–10], where OTOCs have been
calculated for a number of important models including the
transverse field Ising model [5], Luttinger-liquids [6], and ran-
dom unitary circuits [11–14]. Beyond these examples, the
calculation of OTOCs is a difficult task. Nonetheless, some
generic features of OTOCs are emerging.
We consider OTOCs C(t) = 〈|[Aˆ(t), Bˆ]|2〉/2 where Aˆ, Bˆ are
two local operators in their Heisenberg representation, and in
the following we assume that expectation values are taken
with respect to pure quantum states. For local operators,
the infinite temperature OTOC is bounded, having a light-
cone causality structure and exponentially suppressed correla-
tions outside the light-cone [15]. However, in many paradig-
matic models the behaviour differs. For example, in generic
thermalizing systems, and for random unitary circuits, the
OTOC saturates to a non-zero value within the light-cone [4],
whereas for particular spin components for the transverse-
field Ising model the OTOC decays back to zero [5].
Localized systems provide a distinct setting where correla-
tions do not spread linearly. For example, in non-interacting
disordered systems correlations (including OTOCs) don’t
spread beyond the localization length [8, 9], while in many-
body localized systems they extend beyond the localization
length, albeit logarithmically slowly [9, 16, 17].
Here we show that the situation in disordered systems is
even more complex: in particular, many-body localization is
not a necessary prerequisite for logarithmic OTOC spreading.
We demonstrate this in a disorder-free localization model that
we have introduced recently [18–21], which consists of spin-
less fermions coupled via a minimal coupling to dynamical
Ising spins. Here, the OTOCs are accessible to large scale
numerics and unambiguously demonstrate spreading of cor-
relations beyond the localization length in an essentially non-
interacting localized system. While some of the OTOCs for
the fermions corresponds to those discussed previously in the
context of Anderson localization [8, 9], the spin degrees of
freedom yield a richer set of correlators, which in fact corre-
spond to novel fermion correlators.
The main results of this paper are threefold: (i) OTOCs in
our model can be expressed in terms of a double Loschmidt
echo, which can be reduced to disorder-averaged correlators
in a model of Anderson localization via a non-linear map-
ping to free-fermions. (ii) at short times we find power-law
growth of the OTOCs, similar to the behaviour found for in-
tegrable models, and in contrast to the exponential growth
found in semiclassical and large-N models [22–24]. (iii) most
remarkably, we observe logarithmic spreading of OTOCs at
long times, and we argue that this is a generic feature of local-
ized systems, with or without interactions. Since logarithmic
correlation spreading is typically associated with many-body
localization, this not only adds a facet to our knowledge of
OTOC behavioural types, but also imposes further constraints
on their systematic classification.
Setup of the problem. First, we review our model of
disorder-free localization [18–20], which is a model of spin-
less fermions fˆ j living on lattice sites (here we consider a 1D
lattice with open boundary conditions) which are minimally
coupled to spin-1/2s, σˆ j, defined on the links between neigh-
bouring sites j and j+1. The model is described by the Hamil-
tonian
Hˆ = −
N−1∑
j=1
J jσˆzj
(
fˆ †j fˆ j+1 + H.c.
)
−
N−1∑
j=2
h jσˆxj−1σˆ
x
j , (1)
where N is the number of lattice sites, J j and h j are the
fermion tunnelling amplitude and spin-couplings correspond-
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2ingly, which we assume to be position independent, J j = J
and h j = h.
The Hamiltonian Eq. (1) is an example of a Z2 lattice gauge
theory, closely related to the slave-spin description of the Hub-
bard model [25, 26]. An experimental proposal for simulating
a 2D version of the model using current technologies in cold
atom experiments was presented in Ref. [21] and generaliza-
tion of the model have been been discussed in Refs. [20, 27].
The disorder-free mechanism for localization has also been
considered for the case of U(1) gauge fields [28].
In the following we study OTOCs for the spins,
Cαβjl (t) =
1
2
〈Ψ| |[σˆαj (t), σˆβl ]|2|Ψ〉 = 1 − Re[Fαβjl (t)], (2)
where α, β ∈ {x, z}, and |Ψ〉 is an initial state of the fermions
and spins, and we defined
Fαβjl (t) = 〈Ψ|σˆαj (t)σˆβl σˆαj (t)σˆβl |Ψ〉. (3)
We take the initial state to be a tensor product |Ψ〉 = |S 〉 ⊗ |ψ〉
of the spins polarized along the z-axis, and a Slater deter-
minant for the fermions describing a half-filled Fermi-sea.
Thus the OTOC in Eq. (2) corresponds to a global quantum
quench [29, 30]. This initial state is also regularly prepared
in cold atom optical lattice experiments [31–33]. Note that
both the Hamiltonian and the initial state are translationally
invariant.
Double Loschmidt echo. It is instructive to rewrite the
correlator Fαβjl (t) in terms of an average that is similar to
a Loschmidt echo. Using standard commutation relations
for the spin-operators we have σˆαj e
±iHˆt = e±iHˆ
α
j tσˆαj and
σˆαj σˆ
β
l e
±iHˆt = e±iHˆ
αβ
jl tσˆαj σˆ
β
l , where Hˆ
α
j is the Hamiltonian with
redefined couplings h j, h j+1 → −h j,−h j+1 for α = z, and for
α = x we have J j → −J j, and similarly for Hˆαβjl . Hence, we
can write the correlator in terms of a double Loschmidt echo
Fαβjl (t) = 〈Ψ|eiHˆte−iHˆ
α
j teiHˆ
αβ
jl te−iHˆ
β
l t |Ψ〉. (4)
This correlator can be interpreted in a generalized Keldysh
formalism with a contour that folds forward and backward in
time twice [34, 35]. The double Loschmidt echo procedure in
Eq. (4) measures the spatial influence of local perturbations
as a function of time, which is not captured by the standard
Loschmidt echo L(t) = 〈Ψ|ei(Hˆ+Vˆ)te−iHˆt |Ψ〉, see SM for further
interpretation.
Free-fermion mapping. The calculations of the OTOCs are
made possible by an exact mapping to free-fermions [20] re-
sulting from the identification of N − 2 mutually commut-
ing conserved charges qˆ j = σˆxj−1σˆ
x
j(−1)nˆ j having eigenvalues±1. The mapping proceeds by a duality transformation for the
spins [36] defining new spin degrees of freedom τˆ on lattice
sites via
τˆzj = σˆ
x
j−1σˆ
x
j , τˆ
x
j τˆ
x
j+1 = σˆ
z
j. (5)
After introducing new fermions, cˆ j = τˆ
x
j fˆ j, the Hamiltonian
acting in each of the charge sectors, labelled by {q j} = ±1,
can be written as
Hˆ(q) = −
N−1∑
j=1
J j(cˆ
†
j cˆ j+1 + h.c.) +
N−1∑
j=2
2h jq j(cˆ
†
j cˆ j − 1/2). (6)
For a given charge configuration this Hamiltonian corresponds
to a tight-binding model with a binary potential.
In terms of conserved charges, our initial state assumes the
form [18, 20]
|Ψ〉 = 1√
2N−2
∑
{q j}=±1
|q2q3 · · · qN−1〉 ⊗ |ψ〉, (7)
with |ψ〉 the same Slater determinant for cˆ fermions as for fˆ
fermions. Equation (4) in terms of free-fermions reads
Fαβjl (t) =
1
2N−2
∑
{qi}=±1
〈ψ|eiHˆ(q)te−iHˆαj (q)teiHˆαβjl (q)te−iHˆβl (q)t |ψ〉, (8)
where the sum is over all 2N−2 charge configurations. This is
our first key result, that the spin OTOCs reduce to disorder-
averaged double Loschmidt echo for free-fermions. Since the
Hamiltonian of Eq. (6) is bilinear in fermion operators, the
expectation values in every charge sector can be efficiently
computed using determinants, as explained in the Appendix
of Ref. [20]. We note that the OTOCs for the fermion density
operators, nˆ j = fˆ
†
j fˆ j, correspond exactly to disorder-averaged
density correlators for the free-fermions, see e.g. [8, 9].
Below we present results of numerical evaluation of the
spin OTOCs for N = 100 sites. Calculations are performed
by randomly sampling over charge configurations appearing
in Eq. (8), with 20,000 samples in Fig. 3(b) and 10,000 in
all other figures. See Ref. [18] and the SM for discussion of
the convergence of the random sampling. We fix j to be the
central bond so that the correlators become functions of the
distance r from this bond. We plot data for h/J = 0.4, 0.8
where the localization length is sufficiently small compared
with system size.
Short-Time Behaviour. In all cases that we studied
(quenches for different components of spin and values of
h) we observe power-law growth of the OTOC, as shown,
e.g., in Fig. 1, consistent with the discussion in Refs. [5, 6].
This power-law behaviour can be extracted from the Baker-
Campbell-Hausdorff expansion for the time evolution of the
operators,
σˆαj (t) =
∞∑
n=0
(it)n
n!
[Hˆ, σˆαj ]n. (9)
At leading order the OTOC behaves as t2n/(n!)2, where n is
given by the smallest value for which
[
[Hˆ, σˆαj ]n, σˆ
β
l
]
does not
vanish. Since Hˆ is a local Hamiltonian, the operator [Hˆ, σˆαj ]n
has finite support proportional to n, and the lowest-order con-
tribution to the OTOCs arise when n is of the order of the
distance between spins r. This analysis agrees with the ob-
served short-time behaviour. In particular, we find that Cxxr (t)
has the asymptotic form ∼ (Jt)2r+2, see Fig. 1.
3Figure 1. Short-time behaviour of the OTOCs on a log-log scale.
Results are shown for Cxxr (t) after a quench with h = 0.4J, and we
find a similar power-law growth for all cases that we studied. Dashed
lines correspond to short-time asymptotics of the form (Jt)2r+2.
The authors of Ref. [5] suggested that similar arguments
hold for any OTOC of bounded local operators whose time
evolution is generated by a local Hamiltonian. However, this
is in contrast to the exponential growth observed in models
with semiclassical limits [22–24], and is our second key result.
Spreading of correlations. In Figs. 2-4 we present the cor-
relation spreading in the four distinct spin OTOCs. First, let
us discuss the behaviour of Cxxr (t). At short-times, and partic-
ularly for small values of the Ising coupling, e.g. h = 0.4J
shown in Fig. 2(a), we find a linear light-cone behaviour (see
inset), which agrees with the Lieb-Robinson bound with ve-
locity v = 2J. At longer times the spreading halts and we find
only short-range correlations at long-times. In Fig. 2(b) we
show the spreading with h = 0.8J for which the localization
length is shorter and the spreading halts more quickly. The in-
set shows the spatial correlations at long-times, which decay
exponentially with separation.
This exponential decay of spatial correlations can be under-
stood from Eq. (8). For each charge configuration the Hamil-
tonians in the forward and backward evolution differ only in
the signs of the hopping coefficients J j on particular bonds.
However, as we show in the SM, these changes in sign can be
gauged away, i.e. the spectrum of the free-fermion Hamilto-
nian (6) is independent of the signs of hoppings, and the cor-
relator can only decay via particle transport between the sites
j and l. However, this transport is exponentially suppressed in
the separation r for typical disordered charge configurations
due to the Anderson localization of the fermions.
Next we discuss the logrithmic spreading of the Czzr (t) cor-
relator, which is one of the main results of our paper. The
logrithmic behaviour is evident from the linear form of the
contours on a semi-log plot, shown in Fig. 3(a). Note that for
the value h = 0.8J shown in this figure, the single-particle lo-
calization length for the fermions is λ ≈ 2.15, much smaller
than the system size and the scale of correlation spreading.
This logarithmic spreading is a result of the local poten-
v   =2JLR
v   =2JLR
(a)
(b)
Figure 2. Spreading of the OTOC Cxxr (t) after a quantum quench.
(a) Results for h = 0.4J on a logarithmic scale. (inset) Short-time
behaviour on a linear scale. Dashed line indicates the linear light-
cone with Lieb-Robinson velocity vLR = 2J. (b) Results for h =
0.8J. (inset) Long time behaviour of correlators on a log-scale.
tial quenches appearing in this correlator (see Eq. (8)), which
cannot be gauged away – unlike the bond quenches con-
sidered above – and change the spectra of the Hamiltoni-
ans in the forward and backward time evolution. In the SM
we use the Lehmann representation to show that this quan-
tity is the sum of terms that decay when ∆Et ∼ 1, where
∆E = Eλ − Eλ j + Eλ jl − Eλl , with |λ〉 a many-body eigenstate,
Eλ the corresponding energy, and Eλ j , Eλ jl are the perturbed
energies due to changes in the potential. When ∆E ∝ e−r/ξ
decays exponentially with the separation due to localization
of the eigenstates [37], we obtain the logarithmic spreading
of correlations, as seen in Fig. 3(a). Note that our arguments
are independent of presence/absence of interactions, so that
this logarithmic spreading is a generic feature of localized sys-
tems, see SM for details.
At long times the Czzt (t) OTOC has power-law behaviour,
as can be seen in Fig. 3(b), which shows the time-dependent
piece Fzzr (t). The exponent appears to be approximately inde-
pendent of the separation as we find by scaling the time by
Jt → αrJt such that the curves coincide with each other. The
4(a)
(b)
Figure 3. (a) Results for Czzr (t) with h = 0.8J. (b) Long-time be-
haviour of Re[Fzzr (t)]. Time is rescaled with α = 0.5066, so that the
curves coincide at long-times and can be compared with the power-
law ∼ (Jt)β, with β = −1.3.
value α = 0.5066 and the exponent β = −1.3 of the power-
law are found empirically. The authors of Refs. [38, 39] also
found power-law decay of the Loschmidt echo for localized
systems. Similar power-law decay was also observed in the
context of OTOCs in a many-body localized system [40], the
transverse-field Ising model [5], as well as for the XY spin-
chain and symmetric Kitaev chain in Ref. [7].
Finally, we consider two inequivalent OTOCs involving dif-
ferent spin components σˆz and σˆx, namely Czxr (t) and C
xz
r (t),
see Fig. 4. These correlators show qualitatively similar be-
haviour. For short separations we find nearly time indepen-
dent contours signifying localization behaviour. However, for
larger separations we observe additional spreading of correla-
tions. While the analytic arguments presented above do not
apply to this case of mixed-component correlators, the loga-
rithmic spreading appears to be a more general feature.
Discussion. We have studied four distinct OTOCs for the
spins in a model of disorder-free localization. These present
a remarkably rich phenomenology beyond that which has
been observed for Anderson-localized systems. We show that
OTOCs in our model can be mapped onto a disorder-averaged
double Loschmidt echo. Perhaps unsurprisingly, we do not
find exponential growth of the OTOC that has been attributed
to chaotic behaviour. Instead we find short-time power-law
growth consistent with that found for other integrable mod-
els [5–7]. While our model does not contain the ingredients of
many-body localization, we find correlation spreading which
is logarithmic, and in some cases the model shows a complete
lack of correlation spreading.
We suggest that the logarithmic spreading arises as a result
of the double Loschmidt echo form of the spin correlators,
which are unlike the usual correlators appearing in fermion
models with quenched disorder. When the local perturbations
in the double Loschmidt echo correlator change the energy
spectrum we get logarithmic spreading. We note that a simi-
lar slow spreading of free-fermion OTOCs has been observed
in Ref. [7] due to a different mechanism, namely a non-local
form of the operators in the computational basis. A loga-
rithmic correction to the inverse participation ratio was also
derived for a free-fermion model in Ref. [41], and logarith-
mic entanglement growth was observed in the critical phase
of a non-interacting central-site model [42] In cases where
changes of bond signs can be gauged away, we find exponen-
tially localized correlations, similar to the standard fermion
correlators in quenched disorder models of Anderson local-
ization, see e.g. Ref. [9].
Although these quantities arise as natural spin OTOCs in
our model, we propose that the resulting double Loschmidt
echo form of the correlators may be useful in the studies of
correlation spreading more generally. We stress that the an-
alytical arguments for logarithmic behaviour do not depend
on specific features of our model and apply more generally to
other localized systems. Our work shows that the spreading of
correlations, operators and perturbations under unitary evolu-
tion – as probed by standard correlation functions, OTOCs
and the double Loschmidt echo, respectively – can all be dis-
tinct. Additional tools, such as the double Loschmidt echo
may therefore be required to fully characterize the possible
non-equilibrium behaviour.
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Figure 4. Spreading of the OTOCs involving different spin compo-
nents: (a) Czxr (t); (b) C
xz
r (t). Results are shown for h = 0.8J and on a
logarithmic scale.
5Our model provides an ideal setting for further studies of
OTOC phenomenologies because of a free-fermion mapping
which allows one to access large system sizes and gain ana-
lytical insights, which can also be used for thermal or infinite-
temperature OTOCs. We leave a full investigation of the ini-
tial state and temperature dependence of the OTOCs to fu-
ture work. It is worth stressing that the gauge-invariance of
the spectrum under bond quenches is not a special feature of
our model, but applies more generally to, e.g., a Z2 repre-
sentation of the Hubbard model [20]. Unfortunately, in these
cases one is facing severe computational limitations on system
sizes and time scales. Remarkably, there are also prospects of
simulating OTOCs in experiments [43, 44]. These precisely
controlled systems may provide access to strongly-correlated
physics beyond numerical capabilities.
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Supplemental Material
In this supplemental material we provide explicit details of
the arguments used in the main text to understand the observed
6behaviour for the Cxxr (t) and C
zz
r (t) OTOCs, an interpretation
of the double Loschmidt protocol, and evidence for the con-
vergence of the random charge configuration sampling used
in the main text. Please see the appendices of Refs. [18, 20]
for details of the determinant method used for our numerical
simulations.
Exponential localization ofCxxr (t). The time-dependent part
of the Cxxr (t) OTOC is
F xxr (t) =
1
2N−2
∑
{qi}=±1
〈ψ|eiHˆ(q)te−iHˆxj (q)teiHˆxxjl (q)te−iHˆxl (q)t |ψ〉, (10)
where for Hˆxj (q) we have J j → −J j, for Hˆxxjl (q) we have
J j, Jl → −J j,−Jl, and for Hˆxl (q) we have Jl → −Jl, all
relative to Hˆ(q). These four Hamiltonians differ locally by
the sign of the relevant tunnelling parameter, i.e., local bond
quenches. We proceed by noting that the transformation
J j → −J j is equivalent to cˆi → −cˆi, for i ≤ j. This trans-
formation can be implemented by the unitary string operator
Rˆ j =
∏
i≤ j(−1)nˆi or equivalently by Rˆ′j =
∏
i> j(−1)nˆi . For in-
stance, e±iHˆ
x
j (q)t = Rˆ je±iHˆ(q)tRˆ j. Importantly, this means that
the spectrum is unchanged by the local bond quenches.
Let us, without loss of generality, consider l > j, then using
the string operators we can rewrite the time-dependent piece
of the OTOC (4) as
F xxr (t) =
1
2N−2
∑
{q j}±1
〈ψ|eiHˆ(q)tRˆ je−iHˆ(q)tRˆ′leiHˆ(q)tRˆ je−iHˆ(q)tRˆ′l |ψ〉,
(11)
where we have used the facts that [Rˆ j, Rˆ′l] = 0 and (Rˆ j)
2 = 1.
The further means that the OTOC can be written as
Cxxr (t) =
1
2N−1
∑
{q j}±1
〈ψ||[Rˆ j(t), Rˆ′l]|2|ψ〉, (12)
where Rˆ j(t) = eiHˆ(q)tRˆ je−iHˆ(q)t, which implicitly depend on the
charge configuration. Note the extra prefactor of 1/2 com-
ing from the definition of the OTOC in Eq. (2). This OTOC
is therefore reduced to a disorder-averaged OTOC of parity
operators for the free fermion Hamiltonian (6). We can un-
derstand the observed behaviour by considering the operator
commutator for random configurations of the potential, i.e.,
for the individual terms of the sum in Eq. (12).
The operator Rˆ j measures the fermion parity on the chain
of sites to the left of j, and similarly, Rˆ′l measures the parity to
the right of site l. Therefore, to get [Rˆ j(t), Rˆ′l] , 0 would re-
quire particle transport between the left of site j and the right
of site l due to the time evolution. However, since for a typ-
ical charge configuration we have a disordered potential, the
fermions will be localized meaning that there is an exponen-
tially small probability for the required particle transport. This
implies that 〈ψ||[Rˆ j(t), Rˆ′l]|2|ψ〉 ∝ e−| j−k|/ζ as t → ∞, where ζ
is a length scale which is a function of the single-particle lo-
calization lengths. This long-time behaviour is observed in
Fig. 2(b), where we find exponential tails for the spatial dis-
tribution of correlations.
The arguments used here are not specific to our model,
and should apply to correlators of the form in Eq. (10) for
more general Anderson or many-body localized systems. The
important ingredients are that the bond perturbations do not
change the spectrum and that particle transport is exponen-
tially suppressed with distance.
Logarithmic spreading of Czz(t). Whereas Cxxr (t) corre-
sponded to a disorder-averaged double Loschmidt echo pro-
cedure with local bond quenches, the quenches in the Czzr (t)
OTOC are of the local potential. Importantly, this type of
quench does not preserve the spectrum. The time-dependent
part of the Czzr (t) OTOC is
Fzzr (t) =
1
2N−2
∑
{qi}=±1
〈ψ|eiHˆ(q)te−iHˆzj(q)teiHˆzzjl (q)te−iHˆzl (q)t |ψ〉, (13)
where for Hˆzj(q) we have h j, h j+1 → −h j,−h j+1, for Hˆzzjl (q) we
have h j, h j+1, hl, hl+1 → −h j,−h j+1,−hl,−hl+1, and for Hˆzl (q)
we have hl, hl+1 → −hl, hl+1, all relative to Hˆ(q). This corre-
lator corresponds to a double Loschmidt echo procedure with
local density quenches of the form Vˆ = ±2h(nˆ j ± nˆ j+1), where
the signs depend on the particular charge configuration.
We can understand the logarithmic spreading seen in
Fig. 3(a) using perturbative arguments similar to those
in Ref. [38] for the long-time behaviour of the standard
Loschmidt echo. More explicitly, let us consider the single-
particle correlators
Lzzr (t) = 〈ψ|eiHˆ(q)te−iHˆ
z
j(q)teiHˆ
zz
jl (q)te−iHˆ
z
m(q)t |ψ〉, (14)
for a typical charge configuration, which are averaged over in
Eq. (4). We can use the Lehmann representation to express
it in terms of the many-body eigenstates and energies. This
gives
Lzzr (t) =
∑
λ,µ j,ν jl,χl
〈ψ|λ〉〈λ|µ j〉〈µ j|ν jl〉〈ν jl|χl〉〈χl|ψ〉ei∆Et, (15)
where ∆E = Eλ − Eµ j + Eν jl − Eχl . In this expansion,
the states |λ〉, |µ j〉, |ν jl〉, |χl〉 are many-body eigenstates of
the Hamiltonians Hˆ(q), Hˆzj(q), Hˆ
zz
jl (q), Hˆ
z
l (q), respectively, and
Eλ, Eµ j , Eν jl , Eχl are the corresponding energy eigenvalues.
We then proceed by first making the approximation that the
wavefunctions are only locally perturbed and, in particular, we
assume that 〈λ|µ j〉 ≈ δλ,µ j , and similarly for all the eigenstate
overlaps appearing in Eq. (15), and we neglect the modifica-
tion of the eigenvectors due to the perturbation. This is jus-
tified by the fact that the single-particle eigenstates are local-
ized and the local potential perturbation only locally changes
the eigenstates, and in particular the exponential profile is pre-
served. We will discuss the validity of this assumption below,
see also Refs. [37, 38, 45].
With this approximation taken into account, the expres-
sion (15) reduces to
Lzzr (t) ≈
∑
λ
〈ψ|λ〉〈λ|ψ〉ei∆E(λ)t, (16)
7where ∆E(λ) = Eλ − Eλ j + Eλ jl − Eλl . The deviation of Lzzr (t)
from 1 is thus determined by ∆E(λ), wherein the energies
Eλ j , Eλ jl , Eλl are the perturbed energies corresponding to the
same eigenstate |λ〉. We estimate this energy difference using
a second-order perturbation expansion.
For convenience, let us state the result of perturbation the-
ory for the eigenergies up to second order (see, e.g., Ref. [46]).
Consider a Hamiltonian Hˆ and a perturbation Vˆ . In our case,
Vˆ takes the form Vˆ j = ±nˆ j ± nˆ j+1, Vˆ jl = ±nˆ j ± nˆ j+1 ± nˆl ± nˆl+1,
or Vˆl = ±nˆl ± nˆl+1, with  = 2h. The energies of the perturbed
Hamiltonian Hˆ + Vˆ are then given by
Eλ = E
(0)
λ + 〈λ|Vˆ |λ〉 + 2
∑
µ,λ
|〈λ|Vˆ |µ〉|2
E(0)λ − E(0)µ
+ O(3), (17)
where |λ〉, |µ〉 are unperturbed eigenstates, and E(0)λ , E(0)µ are
the unperturbed energy eigenvalues. The first-order correc-
tions to the energies cancel in the energy difference ∆E(λ)
and the leading-order correction from second-order is
∆E(λ) ≈ ±8h2Re
∑
µ,λ
〈λ|nˆ j ± nˆ j+1|µ〉〈µ|nˆl ± nˆl+1|λ〉
E(0)λ − E(0)µ
, (18)
where the signs are determined by the particular charge con-
figuration. Since for a typical disorder configuration the sys-
tem is Anderson localized, the energy eigenvalues are uncor-
related and the difference E(0)λ − E(0)µ is a random function of
the states |λ〉, |µ〉. The operator∑
µ,λ
|µ〉〈µ|
E(0)λ − E(0)µ
, (19)
is therefore a random diagonal operator in the basis of eigen-
states. Furthermore, for a given localized eigenstate |λ〉, the
density correlations in Eq. (18) are exponentially decaying
with the separation r. The energy difference to second-order
will therefore take the functional form
∆E(λ) ∼ ±8h2C({Eµ}, |λ〉) e−r/ξ, (20)
where C({Eµ}, |λ〉) is a random function of the energies of the
many-body states of Hˆ(q) with dimensions of inverse energy,
r is the separation between the bonds j and l, and the length
scale ξ is a function of the single-particle localization lengths.
Plugging this back into Eq. (16) we find that the correlator
deviates from 1 when h2Ce−r/ξt ∼ 1. Rearranging this expres-
sion we find the relationship
r ∼ ln
(
h2Ct
ξ
)
, (21)
which defines the light-cone for the OTOC. Averaging over
|λ〉 and the charge configurations {q j} results in a logarithmic
light-cone, as observed in Fig. 3(a).
While these arguments are perturbative, we also see this
logarithmic light-cone beyond the perturbative regime. We
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Figure 5. Average overlap between a state |λ〉 and the correspond-
ing eigenstate |λ˜〉 of the perturbed Hamiltonian. The data is for the
Heisenberg chain with disorder strength W = 10 in the main figure
and W = 0.5 in the inset, plotted against the perturbation strength .
The overlap is averaged over eigenstates 2000 disorder realizations
and the error bars correspond to the standard error of the mean.
argue that they can be extended due to the decreasing local-
ization length with increasing h. This means that the orthog-
onality assumptions, e.g., 〈λ|µ j〉 ≈ δλ,µ j , remain valid. The
energy corrections to all orders are also correlators of density
operators and random diagonal operators and therefore decay
exponentially with the separation r.
So long as the assumption, 〈λ|µ j〉 ≈ δλ,µ j , remains approxi-
mately valid the above arguments should also apply for more
general Anderson and many-body localized systems. This as-
sumption should remain valid when we have quasi-local con-
served l-bits and the strength of the local perturbation is suffi-
ciently small. Therefore, the observed logarithmic spreading
of the double Loschmidt echo with density perturbations is a
generic feature of localized systems, with or without interac-
tions.
In Fig.5 we include some numerical evidence that suggests
that this approximation is indeed valid for MBL systems. We
consider the isotropic Heisenberg spin-chain with disorder
strength W = 10 in units of the coupling and a density per-
turbation on the central site of strength . This data shows
the average value of |〈λ|λ˜〉| – where |λ˜〉 is the perturbed eigen-
state corresponding to |λ〉 – as a function of the perturbation
strength, . This shows that for small perturbations this over-
lap is strongly dominant and approximately independent of
system size. This also seems to hold beyond the small pertur-
bation regime, as we also found numerically for our model,
and is in stark contrast to the behaviour for states in the er-
godic phase for W = 0.5 shown in the inset.
Interpretation of the double Loschmidt echo. Here we
present an interpretation of the double Loschmidt echo, which
also further validates the numerical results of the main text.
The time dependent part of the double Loschmidt echo is of
the form
Fαβjl (t) = 〈Ψ|eiHˆte−iHˆ
α
j teiHˆ
αβ
jl te−iHˆ
β
l t |Ψ〉, (22)
8where here we slightly generalize the form found in Eq. (4)
found in the main text. We consider Hˆαj = Hˆ + Vˆ
α
j , where
Hˆαβjl = Hˆ + Vˆ
α
j + Vˆ
β
l , where Vˆ
α
j and Vˆ
β
j are two type of local
perturbations labelled by α and β and localized on site j.
As a starting point let us consider the two cases where one
of the local perturbations is zero. First, if Vˆαj = 0, then we
have that
Fαβjl (t) = 〈Ψ|eiHˆte−iHˆteiHˆ
β
l te−iHˆ
β
l t |Ψ〉 = 1, (23)
since each time evolution is followed by its exact time-
reversal. Secondly, if instead Vˆβl = 0, then
Fαβjl (t) = |eiHˆ
α
j te−iHˆt |Ψ〉|2 = 1, (24)
which follows from the unitarity of the Hamiltonian evolu-
tion. A non-trivial response is therefore the result of the mu-
tual influence of the two perturbations. Put another way, the
response can only be non-trivial if the influence of the local
perturbation at site j in
eiHˆ
α
j te−iHˆt |Ψ〉, and eiHˆαβjl te−iHˆβl t |Ψ〉, (25)
(a)
(b)
Figure 6. (a) Short-time behaviour of Cxxr (t) with h = 0.4J for dif-
ferent values of the separation r, comparing averaging over 10,000
(light solid) with 500 (dark dashed). (b) Long time behaviour of
Re[Fzzr (t)] with h = 0.8J comparing 20,000 configurations (light
solid) with 500 (dark dotted).
is influenced by the perturbation at site l. The double
Loschmidt echo therefore quantifies only the mutual influence
of the two separated local perturbations and not the effect of
either individually. We hence suggest that this is a natural
quantity to consider beyond the scope considered in the main
text. In particular, if the perturbations α and β are the same
type, the double Loschmidt echo measures the spatial influ-
ence of that type of perturbation as a function of time and
provides more information than the Loschmidt echo alone.
Note, in case where the types of perturbation α and β differ,
that while swapping the two perturbations in Eq. (22) results
in an inequivalent quantity, a non-trivial response in one im-
plies it in the other. This is observed in Fig. 4 of the main text
– while the two correlators differ in their details, they agree
qualitatively.
Convergence of random sampling. For our numerical re-
sults presented in the main text we do not average over all of
the 2N−2 charge configurations appearing in Eq. (8). Instead
we average over a randomly sampled set of 10,000–20,000
configurations. This set is only a small percentage of the pos-
sible number, but here we demonstrate that it is sufficient for
(a)
(b)
Figure 7. Spreading of OTOCs: (a) Cxxr (t), (b) C
zz
r (t). Both figures
are for h = 0.8J and averaging over 500 charge configurations. To be
compared with Fig. 2(b) and Fig. 3(a) of the main text, respectively.
9the convergence of our results by comparing with averaging
over only 500–1,000. The accuracy of random sampling was
also demonstrated in Ref. [18].
In Fig. 6 we compare data for the short and long time be-
haviour of the OTOCs for different numbers of samples. We
compare the short time behaviour if Cxxr (t) for h = 0.4J (cor-
responding to Fig. 1 of the main text) using 10,000 configura-
tions against 500 configurations in Fig. 6(a) and in Fig. 6(b)
we compare the long-time behaviour for 20,000 and 1,000
configurations (corresponding to Fig. 3(b) of the main text).
The short-time behaviour in Fig. 6(a) shows no discernable
difference between the different number of configurations av-
eraged over. At long-times, shown in Fig. 6(b), the differ-
ent effective disorder configurations have a much larger effect
which shows up as random noise when too few samples are
taken. However, even for 1,000 samples the correct overall
power-law decay is still visible. For 20,000 samples the fluc-
tuations are strongly suppressed.
In Figs. 7(a-b) we show the Cxxr (t) and C
zz
r (t), respectively,
for h = 0.8J averaging over only 500 random charge configu-
rations. These figures should be compared with Fig. 2(b) and
Fig. 3(a) of the main text, which used 10,000 configurations.
These figures show a clear qualitative agreement with those
averaged over 10,000, but with additional random fluctuations
visible in the contours. Importantly, despite these fluctuations,
the correlations in Fig. 7(a) are clearly spatially localized, and
spread logarithmically in Fig. 7(b).
These results show that even with as few as 500 randomly
samples configurations, the data is still consistent with the
conclusions of the main text. By sampling over 10,000-20,000
configurations we are able to remove the visible fluctuations
in the data indicating that it has converged to a sufficient ac-
curacy.
